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Abstract
The paper presents the detailed study of controlled dense coding scheme for different types of 3 and
4− particle states. It consists of GHZ state, GHZ type states, Maximal Slice state, Four particle GHZ
state and W class of states. It is shown that GHZ-type states can be used for controlled dense coding
in a probabilistic sense. We have shown relations among parameter of GHZ type state, concurrence
of the shared bipartite state by two parties with respect to GHZ type and Charlie’s measurement
angle θ. The GHZ states as a special case of maximal sliced states, depending on parameters, have
also been considered here. We have seen that tripartite W state and quadripartite W state cannot
be used in controlled dense coding whereas |Wn〉ABC states can be used probabilistically. Finally, we
have investigated controlled dense coding scheme for tripartite qutrit states.
Keywords: Controlled dense coding, GHZ states, W states, Concurrence, Braid Matrix.
PACS numbers: 03.67.-a, 03.67.Hk
1 Introduction:
Quantum entanglement plays a crucial role in quantum information processing. It is efficiently used as
a key resource in several communication protocols for sending quantum as well as classical information
from a sender to a receiver. Dense coding ([1], [2]) is one such exhibitions of entanglement in quantum
communication. Quantum dense coding (QDC) deals with efficient information transfer from a sender to
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a receiver utilizing an entangled channel between the two. Moreover, QDC is the process of transmitting
two-bits of classical information by sending only one qubit if the sender and the receiver share a maximally
entangled state. In this respect, Hao et.al gave one protocol of controlled dense coding [3] where they
considered GHZ - states [4] and showed that the three qubits of GHZ state was shared by three parties
Alice (the sender) , Bob (the receiver) and third party Charlie is the controller of the scheme. In [5],
Fu et. al studied controlled dense coding with four particle non maximally entangled state. There
they showed that the transmission of bits from party-2 to party-3 is controlled by party-1 and party-
4’s local measurements as well. Our goal is to realize the controlled dense coding scheme in a tripartite
maximally entangled state in higher dimension. With this motivation, in this paper, we mainly emphasize
on controlled dense coding with GHZ states, since these states can be generated in the laboratory and
have been demonstrated experimentally using two pairs of entangled photons [6] and also one can make
optimal distillation of these states [7]. We therefore we have used different forms of GHZ -class states,
like GHZ -type, quadripartite GHZ states and GHZ states as a special case of maximal slice states [8].
In due process, we also have studied controlled dense coding on states of W-class [9]. W-class of states
are important from various aspects. Three particle W state |100〉+|010〉+|001〉√
3
can be generated using super
conducting phase qubits [10].The three particle GHZ and W states are fully characterized using quantum
state tomography [11]. Also four particle W states have been considered here for the study of controlled
dense coding. These quadripartite W states can also be generated by parametric down conversion method
[12]. Study of controlled dense coding is then made upon tripartite qutrit state of GHZ form in this paper.
Such qutrit states are generated via adiabatic passage of dark states [13]. The paper is therefore organized
as follows.
In section 2.1 we have given an overview of controlled dense coding scheme with various classifications of
GHZ states. In section 2.2 we made a study with GHZ type states. Since we know that GHZ type states
are not useful for perfect dense coding and for these states probabilistic dense coding was studied by
[14], hence study of controlled dense coding was made with GHZ type states in a probabilistic manner.
Section 2.3 deals with Maximal slice states whereas Four particle GHZ states were studied with respect
to controlled dense coding in section 2.4. In sections 3.1, 3.2 and 3.3 we used controlled dense coding
with W-class of states. Finally in section 4 the controlled dense coding has been done with tripartite
qutrit states, which in turn is followed by summary and discussion in section 5.
2 Controlled dense coding with GHZ - class states:
2.1 GHZ states:
We first consider GHZ state of the form
|GHZ〉ABC = 1√
2
( |001〉ABC + |110〉ABC). (1)
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where the first qubit belongs to Alice (A), second belongs to Bob (B) and the third qubit is taken by
Charlie (C). As described in [3], the scheme of ‘controlled dense coding’, we assume that Charlie measures
his qubit under the basis
|+〉C = cos θ |0〉C + sin θ |1〉C ,
|−〉C = sin θ |0〉C − cos θ |1〉C (2)
where | sin θ | ≤ | cos θ |. Then using (2), (1) can be expressed as
|GHZ〉ABC = 1√
2
(|+〉C |ψ〉AB + |−〉C |ϕ〉AB) (3)
where
|ψ〉AB = sin θ |00〉AB + cos θ |11〉AB ,
|ϕ〉AB = sin θ |11〉AB − cos θ |00〉AB . (4)
von-Neumann measurement of qubit C gives either |+〉C or |−〉C , (each occurring with equal probability
1
2 ), depending upon which, Alice and Bob shares either of the above two bipartite non - maximally
entangled states from (4) respectively. If for instance, Charlie gets his read-out as |+〉C , he informs Alice
about his outcome so that Alice knows she shares non-maximally entangled state |ψ〉AB with Bob now
(whereas Bob does not know this). Alice introduces an auxilliary qubit |0〉aux and performs an unitary
operation on her qubit A and the auxilliary qubit (with respect to the collective operation under the
basis (|00〉Aaux, |10〉Aaux, |01〉Aaux, |11〉Aaux). The collective unitary operation U1 ⊗ IB transforms the
state |ψ〉AB ⊗ |0〉aux to
|ψ〉ABaux =
√
2 cos θ { 1√
2
(|00〉AB + |11〉AB ) } ⊗ |0〉aux
+ sin θ
√
1− cos
2 θ
sin2 θ
|10〉AB ⊗ |1〉aux. (5)
where,
U1 =

cos θ
sin θ 0
√
1− cos2 θ
sin2 θ
0
0 1 0 0
0 0 0 −1√
1− cos2 θ
sin2 θ
0 − cos θsin θ 0
 . (6)
When Alice performs one of the four operations { I, σx, iσy, σz } (where I is the idenstity operator and
σm’s m = x, y, z are three Pauli spin operators) on her qubit and sends the qubit to Bob where Bob
in turn carries out a controlled-NOT operation on his qubit, then it has been shown in [3] that average
number of bits transmitted from Alice to Bob at the cost of one GHZ state of the form (1) is
Avtransm = 1 + Psuccess × 1 = 1 + 2 | cos θ|2 (7)
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provided the von-Neumann measurement performed by Alice on the auxilliary qubit results in the outcome
|0〉aux, as in that case Alice and Bob will share maximally entangled state 1√2 [|00〉AB + |11〉AB ], which
is clear from (5). But when Alice’s von-Neumann readout is |1〉aux then only one bit is transferred. The
maximal value of | cos θ| is 1√
2
, which corresponds to the maximally entangled state 1√
2
(|00〉12 + |11〉AB )
and two bits are transmitted by one qubit, which depends on the adjustment of the value of θ by Charlie
(the controller of the scheme). If however Charlie gets his measurement result as |−〉C , the shared state
between Alice and Bob is then |ϕ〉AB from (4). Proceeding in a similar way we can show that the average
number of bit transmitted is then 1 + 2 | sin θ|2.
Now we choose another unitary matrix U2 which is different from that of U1 of (6), as
U2 =

1 0 0 0
0 cos θsin θ
√
1− cos2 θ
sin2 θ
0
0 −
√
1− cos2 θ
sin2 θ
cos θ
sin θ 0
0 0 0 1
 . (8)
Then with same study as above we see that depending upon Charlie’s measurement |+〉C , introduction
of Alice’s auxilliary qubit |1〉aux and using collective unitary operation U2 ⊗ |1〉aux, the average number
of bit transmitted is now 1 + 2 | cos θ|2 at the cost of one GHZ state of the form (1).
The study of controlled dense coding [3] is now performed on various classifications of GHZ states as
shown below
G1 =
1√
2
(|010〉ABC + |101〉ABC),
G2 =
1√
2
(|010〉ABC − |101〉ABC),
G3 =
1√
2
(|001〉ABC − |110〉ABC),
G4 =
1√
2
(|001〉ABC + |110〉ABC),
G5 =
1√
2
(|100〉ABC − |011〉ABC),
G6 =
1√
2
(|100〉ABC + |011〉ABC),
G7 =
1√
2
(|000〉ABC − |111〉ABC) (9)
with proper choice of unitary matrix. These states of (9) can be obtained when Charlie renames his basis
applying Pauli σx, say, which is a local unitary.
We put our study results of controlled dense coding with states of (9) in the table below showing the aver-
age number of bits transmitted for each of the above states with respect to von-Neumann measurements
of Charlie.
4
States Charlie’s von Neumann readout Avtransm
G1 |+〉C 1 + 2| sin θ|2
G2 |−〉C 1 + 2 | cos θ|2
G3 |−〉C 1 + 2 | sin θ|2
G4 |+〉C 1 + 2 | cos θ|2
G5 |−〉C 1 + 2 | sin θ|2
G6 |+〉C 1 + 2 | cos θ|2
G7 |−〉C 1 + 2 | cos θ|2
We see from above table that for some states like G1, G4, G6 the number of bits transmitted is 1+2| sin θ|2
and for the other states G2, G3, G5, G7, the number of bits transmitted is 1 + 2 | cos θ|2. The results are
then shown graphically below
Figure 1: The figure represents average number of bits transmitted against the angle θ. The solid line represents 2 sin2 θ+1
bits are transmitted for some GHZ forms for 0 6 θ 6 pi
4
. The dashed line represents 2 cos2 θ + 1 bits are transmitted for
some other GHZ forms for pi
4
6 θ 6 pi
2
whereas optimum value of bit transmission is 2.
2.2 GHZ-type states:
It is a well known fact that the states like 1√
3
(
√
2 |000〉ABC + |111〉ABC) cannot be used for perfect
super dense coding [9]. Pati et. al showed in [14] that with such states dense coding is performed
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probabilistically. We take general form of GHZ type state as given in [14]
|ζ〉ABC = L ( |000〉ABC + l |111〉ABC) (10)
where L = 1√
1+l2
and l > 0 (considering l to be real). Charile here chooses his measurement basis from
(2). With respect to these bases, (10) can be expressed as
|ζ〉ABC = 1√
1 + l2
[(|s1〉AB |+〉C + |s2〉AB |−〉C ] (11)
where
|s1〉AB = cos θ|00〉AB + l sin θ|11〉AB ,
|s2〉AB = sin θ|00〉AB − l cos θ|11〉AB . (12)
If von-Neumann measurement of Charlie gives |+〉C , the non maximally entangled state shared between
Alice and Bob is |s1〉AB . After Alice introduces auxilliary qubit |0〉aux and considers the unitary operator
U
/
1 =

sin θ
cos θ 0
√
1− sin2 θcos2 θ 0
0 1 0 0
0 0 0 −1√
1− sin2 θcos2 θ 0 − sin θcos θ 0
 . (13)
The collective unitary operation U
/
1 ⊗ IB transforms the state |s1〉AB ⊗ |0〉aux to
|s1〉ABaux = sin θ
L
{L(|00〉AB + l |11〉AB)} ⊗ |0〉aux
+
√
1− sin
2 θ
cos2 θ
cos θ|10〉AB ⊗ |1〉aux. (14)
Alice’s von-Neumann measurement of |1〉aux shows that only one bit is transferred from Alice to Bob
whereas the measurement result of |0〉aux shows that Alice and Bob shares L(|00〉AB+l|11〉AB). The aver-
age number of bit transmitted is then 1+ | sin θ|
2
L2 , and the scheme is successful only if θ = sin
−1 (± 1√
1+l2
).
As described in [14], Alice applies any one of the four unitary operators {I, σx, iσy, σz}. The shared state
between Alice and Bob then takes the form
L(|00〉AB + l |11〉AB),
L(|10〉AB + l |01〉AB),
L(−|10〉AB + l |01〉AB),
L(|00〉AB − l |11〉AB).
(15)
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Alice sends her qubit to Bob. Bob performs a projection on to the basis spanned by the basis states
{|00〉, |11〉} and {|01〉, |10〉}. It is also shown in [14] that, Bob can extract two bits of classical information
with a success probability is 2 l
2
1+l2 . Thus for maximally entangled state, l = 1 and hence the success
probability is unity. It is also clear that for maximally entangled state, Charlie’s measurement angle is
therefore ±pi4 . The above analysis is shown in the table below
l θ shared state Success probability = 2 l
2
1+l2
0 ±pi2 |00〉AB 0
1 ±pi4 12 [|00〉AB + |11〉AB ] 1
We see that with states of the form (10), controlled dense coding is thus achieved in a probabilistic way.
In this case we also find a relation between the parameter l and angle θ as
θ = tan−1
1
l
. (16)
The relation (16) is shown graphically below
Figure 2: The figure shows that for pi
4
≤ θ ≤ pi
2
, we have 1 ≤ l ≤ 0.
From fig-2 it is clear that when θ = pi4 , l = 1, the scheme is achieved successfully with success probability
1.
We shall now study the entanglement property of the shared state L ( |00〉AB + l |11〉AB) between Alice
and Bob and how it is dependent on the parameter l. The concurrence for a bipartite state ρAB is defined
as [15]
C = max {0, λ1 − λ2 − λ3 − λ4 } (17)
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where λ′s are the square root of eigenvalues of ρρ˜ in decreasing order. The spin - flipped density matrix
ρ˜ is defined as
ρ˜ = (σyA ⊗ σyB)ρ∗(σyA ⊗ σyB)} (18)
Using (17) and (18) we calculate the concurrence C of the shared state L ( |00〉AB + l |11〉AB) which is
C = |2 L2 l| (19)
Then from (16) and (19) we get
C = | sin 2 θ| (20)
The plot of C versus θ gives
Figure 3: The figure shows that for pi
4
≤ θ ≤ pi
2
, we have 1 ≤ C ≤ 0.
The above analysis shows that, before dense coding is executed between Alice and Bob, what state they
will share, is also controlled by Charlie. The protocol of dense coding is done successfully provided Charlie
fixes his measurement angle to θ = pi4 , as in this case only Alice and Bob shares maximally entangled
state and the success probability is therefore 1.
2.3 GHZ state as a special case of MS state:
The maximal slice (MS) state is defined in [8] as
|φ〉MSABC =
1√
2
[|000〉ABC + cos δ|110〉ABC + sin δ|111〉ABC ] (21)
8
As before if Charlie chooses his basis from (2), the state shared between Alice and Bob is either of the
following two, depending upon Charlie’s measurement basis {|+〉C , |−〉C}.
|φ〉MS1AB = sin θ |00〉AB − cos θ sin δ|11〉AB + sin θ cos δ|11〉AB
|φ〉MS2AB = cos θ |00〉AB + cos θ cos δ|11〉AB + sin θ sin δ|11〉AB
(22)
If Alice and Bob shares the state |φ〉MS1AB then after Alice introduces auxilliary qubit |0〉aux, choosing
unitary operator (13), the collective unitary operation U
/
1 ⊗ IB transforms the state |φ〉MS1AB ⊗ |0〉aux to
|φ〉MS1ABaux = sin θ [|00〉AB +
cos θ
sin θ
cos δ |11〉AB + sin δ|11〉AB ]⊗ |0〉aux
+ cos θ
√
1− sin
2 θ
cos2 θ
|10〉AB ⊗ |1〉aux (23)
Alice’s von-Neumann measurement result of |0〉aux gives that the non-maximally entangled shared state
between Alice and Bob is sin θ [|00〉AB+ cos θsin θ cos δ |11〉AB+sin δ|11〉AB ]. If Charlie fixes his measurement
angle to θ = pi4 , the shared state takes the form
1√
2
[|00〉AB + (cos δ + sin δ)|11〉AB ]. The normalization
condition then gives δ should be equal to n pi2 . With the fixed values of θ and δ, the MS state (21) takes
the GHZ form i.e. 1√
2
[|000〉ABC + |111〉ABC ], the controlled dense coding with which was already shown
by [3].
2.4 Four particle GHZ states:
In [5] Fu et.al have shown the protocol of controlled dense coding with a non - maximally entangled state.
We in this section use the Fu protocol for four particle GHZ state given by
|GHZ〉PABC = 1√
2
[|0000〉PABC + |1111〉PABC ]. (24)
where P, A, B, C respectively represents Paul, Alice, Bob and Charlie. Now Charlie chooses his measure-
ment basis as given in (2). The state (24) is therefore expressed as
|GHZ〉PABC = 1√
2
[ |ς〉PAB |+〉C + |τ〉PAB |−〉C ] (25)
such that
|ς〉PAB = cos θ|000〉PAB + sin θ|111〉PAB ,
|τ〉PAB = sin θ|000〉PAB − cos θ|111〉PAB .
(26)
Paul now chooses a new basis
|+〉P = cos ε |0〉P + sin ε |1〉P ,
|−〉P = sin ε |0〉P − cos ε |1〉P . (27)
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and carries out a unitary operation on his qubit. Suppose Charlie’s measurement result gives |+〉C , then
Paul, Alice and Bob shares the state |ς〉PAB . With respect to Paul’s basis (27), |ς〉PAB is then expressed
as,
|ς〉PAB = |µ〉AB ⊗ |+〉P + |ν〉AB ⊗ |−〉P (28)
where
|µ〉AB = cos θ cos ε|00〉AB + sin θ sin ε|11〉AB ,
|ν〉AB = cos θ sin ε|00〉AB − sin θ cos ε|11〉AB .
(29)
For Paul’s local measurement result |+〉P , the shared state between Alice and Bob is |µ〉AB . Now Alice
introduces one auxilliary qubit |0〉aux. We consider unitary operator
U3 =

sin θ sin ε
cos θ cos ε 0
√
1− sin2 θ sin2 εcos2 θ cos2 ε 0
0 1 0 0
−
√
1− sin2 θ sin2 εcos2 θ cos2 ε 1 sin θ sin εcos θ cos ε 0
0 0 0 −1
 (30)
The collective unitary operation of U3 ⊗ IB transforms |µ〉AB ⊗ |0〉aux to
|µ〉ABaux = sin θ sin ε [|00〉AB + |11〉AB ]⊗ |0〉aux
−
√
1− sin
2 θ sin2 ε
cos2 θ cos2 ε
cos θ cos ε |00〉AB ⊗ |1〉aux (31)
The von-Neumann measurement outcome |0〉aux of Alice shows that the non-maximally entangled state
shared between Alice and Bob is therefore
sin θ sin ε (|00〉AB + |11〉AB). (32)
Using [15], we calculate the concurrence C1 of (32), which is given by
C1 = 2 sin
2 θ sin2 ε. (33)
The above relation (33) is shown graphically below
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Figure 4: Here 0 ≤ C1 ≤ 1 whereas 0 ≤ θ ≤ pi4 and 0 ≤ ε ≤ pi2 . It is clear that when θ = pi4 and ε = pi2 , concurrence is
maximum i.e. 1
Hence when Paul fixes his measurement angle to ε = pi2 , the state shared between Alice and Bob is
sin θ [|00〉AB + |11〉AB ] . When θ = pi4 , Alice and Bob shares maximally entangled state and two bits are
transferred. Thus we see that, in this case what state will be shared by Alice and Bob is controlled both
by Paul and Charlie as well as the bit transmission between Alice and Bob is controlled by them too.
3 Controlled dense coding with W - class states:
3.1 W-state:
Let us consider the state [9] in the form as
|W 〉ABC = 1√
3
[|100〉ABC + |010〉ABC + |001〉ABC ] (34)
When Charlie chooses his basis as given in (2), then the W− state can be expressed as
|W 〉ABC = 1√
3
[ |+〉C |$〉AB + |−〉C |$/〉AB ] (35)
where
|$〉AB = cos θ|10〉AB + cos θ|01〉AB + sin θ|00〉AB
|$/〉AB = sin θ|10〉AB + sin θ|01〉AB − cos θ|00〉AB
(36)
We assume that Charlie’s von-Neumann measurement outcome is |+〉C so that Alice and Bob shares non
maximally entangled state is |$〉AB . Alice introduces auxilliary qubit |0〉aux and she considers unitary
11
operator (13), such that the collective unitary operation U
/
1 ⊗ IB transforms the state |$〉AB ⊗ |0〉aux to
|$〉ABaux = [sin θ |01〉AB + sin
2 θ
cos θ
|00〉AB + cos θ |10〉AB ]⊗ |0〉aux
+[
√
1− sin
2 θ
cos2 θ
cos θ|11〉AB +
√
1− sin
2 θ
cos2 θ
sin θ|10〉AB ]⊗ |1〉aux (37)
If now Alice gets her von-Neumann outcome as |0〉aux, this implies that Alice and Bob shares [sin θ|01〉AB+
sin2 θ
cos θ |00〉AB + cos θ |10〉AB ]. Using (17) we measure the concurrence (C2) of the shared state and con-
sequently find that
C2 =
√
2 | cos θ sin θ| (38)
Then in the following we plot C2 versus θ.
Figure 5: Here pi
4
≤ θ ≤ pi
2
and 0.7 ≤ C2 ≤ 0.
It is clear from the above figure that for θ assuming values from pi4 to
pi
2 , concurrence of the shared state
[ sin θ |01〉AB + sin2 θcos θ |00〉AB + cos θ |10〉AB ] never reaches its maximum value i.e. 1, rather it lies in the
range [0.7, 0]. In other words Alice and Bob never share maximally entangled state for any value of θ,
which is the primary requirement for controlled dense coding. Hence the state (34) is not suitable for
controlled dense coding.
3.2 Four particle W state:
Consider now a state of the form as [9]
|W 〉PABC = 1√
4
[|1000〉PABC + |0100〉PABC + |0010〉PABC + |0001〉PABC ] (39)
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where P, A, B and C respectively are Paul, Alice, Bob, Charlie as before. We use now scheme of [5]
again. The state (39) is then expressed in terms of Charlie’s measurement basis { |+〉C , |−〉C } from (2)
and consequently we get
|W 〉PABC = 1√
2
[|t1〉PAB |+〉C + |t2〉PAB |−〉C)]. (40)
where
|t1〉PAB = cos θ(|100〉PAB + |010〉PAB + |001〉PAB) + sin θ |000〉PAB√
2
,
|t2〉PAB = sin θ(|100〉PAB + |010〉PAB + |001〉PAB)− cos θ |000〉PAB√
2
. (41)
Again Paul chooses now his basis {|+〉P , |−〉P } from (27) and expresses (40) in terms of his basis elements
as
|W 〉PAB = 1√
2
[|+〉P |t/1〉AB + |−〉P |t/2〉AB ] (42)
where
|t/1〉AB = sin (θ + ε)|00〉AB + cos θ cos ε (|10〉AB + |01〉AB),
|t/2〉AB = − cos (θ + ε)|00〉AB + cos θ sin ε (|10〉AB + |01 〉AB).
(43)
If suppose we assume that Paul’s von-Neumann measurement outcome results in |+〉P , then the shared
state between Alice and Bob is |t/1〉AB . Alice introduces auxilliary qubit |0〉aux and takes into consider-
ation the unitary operator (13) such that the collective unitary operation U
/
1 ⊗ IB transforms the state
|t/1〉AB ⊗ |0〉aux to |t/1〉ABaux as before, and subsequently if we assume that Alice’s von-Neumann mea-
surement outcome is |0〉aux, then shared state between Alice and Bob is given by
sin θ cos ε |01〉AB + cos θ cos ε |10〉AB
+(sin θ sin ε +
sin2 θ cos ε
cos θ
)|00〉AB . (44)
Using (17), we calculate the concurrence (C3) of the state (44) and when we plot this concurrence
against θ and ε, we find the following picture.
13
Figure 6: Here pi
4
≤ θ ≤ pi
2
and pi
4
≤ ε ≤ pi
2
, whereas 0 ≤ C3 ≤ 0.5
In Fig-6, the first plot represents the concurrence C3 against {ε, θ }. The second plot of Fig-6 gives
the variation of C3 against θ whereas ε =
pi
4 . From the above analysis we see that, the state (39) is also
not suitable for controlled dense coding as because when Paul and Charlie varies their parameter ε and
θ, the concurrence of the state shared between Alice and Bob reaches its maximum value upto 0.5 and
therefore the shared state is never maximally entangled. Also if we consider the shared state between
Alice and Bob corresponding to the states (34) and (39), we find that although the entanglement of the
shared state of Alice and Bob for the state (34) is more than that for the state (39),it is also not useful
for controlled dense coding.
3.3 Wn state:
We in this section now consider the state
|Wn〉ABC = 1√
2
[|φ〉AB |0〉C + |00〉AB |1〉C ]. (45)
where
|φ〉AB = 1√
n+ 1
[|10〉AB +
√
n|01〉AB ]. (46)
This state can be converted from |GHZ〉ABC = |000〉ABC+|111〉ABC√2 [9] as shown below
|Wn〉ABC = (UAB ⊗ IC) |GHZ〉ABC (47)
while UAB is a unitary operator acting on particles A and B given as
UAB = |φ〉〈00|+ |11〉〈01|+ |φ⊥〉〈10|+ |00〉〈11|. (48)
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Phase factors have not been considered here. When Charlie considers his basis (2), |Wn〉ABC takes the
following form
|Wn〉ABC = 1√
2
[(cos θ |φ〉AB + sin θ |00〉AB) |+〉C
+(sin θ |φ〉AB − cos θ |00〉AB) |−〉C ] (49)
If Charlie’s measurement outcome is |+〉C , then the state shared between Alice and Bob is
|υ〉AB = cos θ |φ〉AB + sin θ |00〉AB (50)
Alice introduces auxilliary qubit |0〉aux and the collective unitary operation U3 ⊗ IB transforms |υ〉AB ⊗
|0〉aux in to the following state
|υ〉ABaux = [
√
n√
n+ 1
cos θ |01〉AB + sin θ |00〉AB + sin θ
n+ 1
|10〉AB ]⊗ |0〉aux
− 1√
n+ 1
cos θ
√
1− sin
2 θ
cos2 θ
|00〉AB ⊗ |1〉aux (51)
where we take the form of U3 as
U3 =

1 0 0 0
0 sin θcos θ
√
1− sin2 θcos2 θ 0
0 −
√
1− sin2 θcos2 θ sin θcos θ 0
0 0 0 1
 (52)
For Alice’s von-Neumann measurement outcome |0〉aux, we see that the shared state between Alice and
Bob takes the form √
n cos θ |01〉AB + sin θ |10〉AB√
n+ 1
+ sin θ |00〉AB (53)
For n = 1, (53), takes the form
cos θ |01〉AB + sin θ |10〉AB√
2
+
√
2 sin θ |00〉AB√
2
(54)
Hence Alice and Bob shares non-maximally entangled state cos θ |01〉AB + sin θ |10〉AB with probability
1
2 . Using (17) we calculate the concurrence C4 of the state cos θ |01〉AB + sin θ |10〉AB .
C4 = | sin 2 θ|. (55)
If we plot C4 against θ, we get the following
15
Figure 7: Here 0 ≤ θ ≤ pi
2
, 0 ≤ C4 ≤ 1 and C4 takes its maximum value 1 for θ = pi4
From the above it is clear that controlled dense coding with states of the form (45) is possible when
Charlie’s measurement angle takes the value pi4 as in that case Alice and Bob shares maximally entangled
state |01〉AB+|10〉AB√
2
.
4 Controlled dense coding with tripartite qutrit state:
Here we consider a tripartite qutrit state from [16] of the following form
|Ξ〉ABC = |000〉ABC + |111〉ABC + |222〉ABC√
3
(56)
A, B, C are Alice, Bob and Charlie each possessing three qubits |0〉, |1〉 and |2〉 respectively. This state is
basically a natural generalization of GHZ state in three level systems with full rank of all reduced density
matrices [17]. Charlie now considers the following basis
| ↑〉C = sin θ|0〉C + cos θ|2〉C ,
| ↗〉C = |1〉C ,
| ↓〉C = cos θ|0〉C − sin θ|2〉C . (57)
With respect to Charlie’s basis (57), the state (56) takes the form
|Ξ〉ABC = (sin θ|00〉AB + cos θ|22〉AB)| ↑〉C
+(cos θ|00〉AB − sin θ|22〉AB)| ↓〉C + |11〉AB | ↗〉C . (58)
When Charile obtains measurement result | ↗〉C , then Alice and Bob shares |11〉AB and only one bit
16
is transferred from Alice to Bob in that case. But when charlie’s measurement basis is { | ↑〉C , | ↓〉C },
then a non-maximally entangled shared state is shared between them. Let Charlie’s measurement result
is | ↑〉C , so that the shared entangled state between Alice and Bob is (sin θ|00〉AB + cos θ|22〉AB).
Alice introduces an auxiliary qubit |0〉aux and performs an unitary operation on her qubit A as well as on
the auxiliary qubit (with respect to the collective operation under the basis (|00〉Aaux, |01〉Aaux, |02〉Aaux, |10〉Aaux,
|11〉Aaux, |12〉Aaux, |20〉Aaux, |21〉Aaux, |22〉Aaux ). In this case we consider we consider the 9 × 9 unitary
Braid matrix [18].
B1 =

cos θ
sin θ 0 0 0 0 0 0 0
√
1− cos2 θ
sin2 θ
0 1 0 0 0 0 0 0 0
0 0 sin θcos θ 0 0 0
√
1− sin2 θcos2 θ 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0
√
1− sin2 θcos2 θ 0 0 0 − sin θcos θ 0 0
0 0 0 0 0 0 0 1 0√
1− cos2 θ
sin2 θ
0 0 0 0 0 0 0 − cos θsin θ

. (59)
Then the collective unitary operation B1 ⊗ IB transforms the state (sin θ|00〉AB + cos θ|22〉AB)⊗ |0〉aux
to the state
|Φ〉ABaux = (cos θ|00〉AB − sin θ|22〉AB)⊗ |0〉aux
+{ cos θ
√
1− sin
2 θ
cos2 θ
|02〉AB + sin θ
√
1− sin
2 θ
cos2 θ
|20〉AB } ⊗ |2〉aux. (60)
Now for Alice’s von - Neumann readout |0〉aux, the non-maximally entangled state shared between Alice
and Bob is cos θ|00〉AB − sin θ|22〉AB . It immediately follows that when θ = pi4 , then Alice and Bob
share the maximally entangled state
|00〉AB − |22〉AB√
2
. (61)
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Alice applies the projection operators |0〉〈0| + |2〉〈2|, |0〉〈2| + |2〉〈0|, |0〉〈2| − |2〉〈0| and |0〉〈0| − |2〉〈2|
respectively to the state (61), and she obtains the following states.
|00〉AB − |22〉AB√
2
,
|20〉AB − |02〉AB√
2
,
|02〉AB + |20〉AB√
2
,
|00〉AB + |22〉AB√
2
. (62)
After this she sends her qubit to Bob. Bob then uses a projection operator |00〉〈00|+ |22〉〈20|+ |02〉〈02|+
|20〉〈22|, to his qubit. Bob’s projection operator can also be shown in a matrix form in the following
UP =

1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0

(63)
By measuring qubit A under the basis { |0〉A ± |2〉A } and { |2〉A ± |0〉A }, he can distinguish Alice’s
operations and the phase bit is gotten, so 2 bits, { 0, 2 }, of information are transmitted. If, however the
shared state between Alice and Bob is (cos θ|00〉AB − sin θ|22〉AB), then Alice will consider the following
form of the Braid matrix [18]
B2 =

sin θ
cos θ 0 0 0 0 0 0 0
√
1− sin2 θcos2 θ
0 1 0 0 0 0 0 0 0
0 0 cos θsin θ 0 0 0
√
1− cos2 θ
sin2 θ
0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0
√
1− cos2 θ
sin2 θ
0 0 0 − cos θsin θ 0 0
0 0 0 0 0 0 0 1 0√
1− sin2 θcos2 θ 0 0 0 0 0 0 0 − sin θcos θ

(64)
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Applying the protocol as described above, 2− bits of information are transferred from Alice to Bob
again.
5 Summary and Discussion:
To summarize, we have discussed the scheme of controlled dense coding with different types of tripartite
and quadrpartite states. The GHZ states and its various similar classifications have been considered first,
in which case the number of bits transmitted is 2. It is found that, the average number bits transmitted
from sender to receiver depends on the basis of measurements chosen by the controller of the scheme.
It has been shown that GHZ - type states like L(|000〉 + l |111〉), where L = 1√
1+l2
can be used in
controlled dense coding scheme in a probabilistic sense. We have also found that for these GHZ type
states , Charlie (the controller of the scheme) chooses parameter l by manipulating his measurement
angle θ. Consequently we have found a relation between l and θ. Also a relation between concurrence of
the bipartite state shared by Alice-Bob with respect to the state L(|000〉+ l |111〉) and measurement angle
θ of Charlie have been established. It is shown that for θ = pi4 , the controlled dense coding scheme is
achieved successfully with success probability 1. Controlled dense coding is also achieved with Maximal
Slice state only if the parameters θ, δ are chosen in an appropriate way. For proper chioces of θ, δ,
the maximal sliced states basically takes the GHZ form. Next four particle GHZ - state is also taken
into consideration and the relation between concurrence of the shared bipartite state by Alice-Bob and
parameters { θ, ε } is established. The study of controlled dense coding is made with W-class states. By
considering the bipartite state shared by Alice - Bob for the W-class of states and by calculating the
concurrence of these states, we have explained that states like |W 〉ABC and |W 〉PABC cannot be used in
controlled dense coding. It is because, the maximum value of concurrence for the shared bipartite states
with respect to |W 〉ABC and |W 〉PABC are 0.7 and 0.5 respectively and never reaches its maximal value
1. But it is interesting to see that the state |Wn〉ABC can be used successfully in controlled dense coding
in a probabilistic manner for parameter values n = 1 and θ = pi4 . Finally, we have successfully performed
the controlled dense coding scheme on tripartite qutrit state of GHZ form, by introducing two 9 × 9
unitary Braid matrices to send 2 classical bits of information from Alice to Bob controlled by third party
Charlie. So we can infer that the tripartite qutrit state of GHZ form is an optimal state that achieve the
desired task. In future it would be quite interesting to make a quantitative study of this above scheme
with GHZ states in arbitrary dimension and for maximally and non - maximally entangled mixed states
which is very important from quantum information theoretic perspective.
19
Acknowledgement:
The authors Roy and Ghosh Acknowledge Dr. Satyabrata Adhikari (associate professor in the department
of Mathematics) of Birla Institute of Technology, Mesra and Dr. Archan S. Majumdar (associate professor
in the department of Astrophysics and Cosmology) of S. N. Bose National Centre of Basic Sciences, who
were the co-authors of our earlier work on MEMS and NMEMS states, for their valuable inputs, time to
time suggestions and consistent support.
References
[1] C.H.Bennett, S. J. Wiesner, Phys. Rev. Lett. 69, 2881, (1992).
[2] K.Mattle, H. Weinfurter, P.G.Kwait, A. Zeilinger, Phys. Rev. Lett, 76, 4656, (1996)
[3] J. C. Hao, C. F. Li, G. C. Guo, Phys. Rev. A, 63, 054301, (2001).
[4] D.M. Greenberger, M.A. Horne, and A. Zeilinger, in Bells Theorem, Quantum Theory, and Concep-
tions of the Universe edited by M. Kafatos Kluwer, Dordrecht, (1989); D. M. Greenberger, M.A.
Horne, A. Shimony and A. Zeilinger, Am. J. Phys., 58, 1131, (1990).
[5] C. Fu, Y. Xia, B. Liu, S. Zhang, Journal of the Korean Physical Society, 46, 1080, (2005).
[6] D. Bouwmeester, J. W. Pan, M. Daniell, H. Weinfurter, A. Zeilinger, Phys. Rev. Lett. 82, 1345-1349,
(1999).
[7] A. Acin, E. Jane, W. Dur, G. Vidal, Phys. Rev. Lett. 85, 4811, (2000).
[8] H. A. Carteret, A. Sudbery, Jour. of Phys. A., 33, 4981, (2000).
[9] L. Li, D. Qiu, Jour. of Phys A: Math. Theor, 40, 10871-10885, (2007).
[10] M. Neelay, R.C.Bialczak et.al, Nature, 467, 570-573, (2010).
[11] A. Acin, D. Bruss, M. Lewenstein, A.Sanpera, Phys. Rev. Lett. 87, 040401, (2001).
[12] H. Mikami, Y. Li, T. Kobayashi, Phys. Rev. A, 70, 052308, (2004).
[13] Y. Z. Biao, W. H. Zhi, Z. S. Biao, Chinese Physics B, 19, 094205, (2010) .
[14] A. K. Pati, P. Parashar, P. Agrawal, Phys Rev A, 72, 012329 , (2005);
[15] W. K. Wootters, Phys. Rev. Lett., 80, 2245, (1998).
[16] X.S.Liu, G.L.Long, D.M.Tong, F.Li, Phys. Rev. A 65, 022304, (2002).
[17] F. Mintert, B. Salwey, A. Buchleitner, Phys. Rev. A 86, 052330, (2012).
20
[18] B. Abdesselam, A. Chakraborty, V. K. Dobrev, S.G. Mihov, arxiv:quant-ph/0812.2143,[math.QA],
(2010).
21
